Abstract. We find and study the properties of black hole solutions for a subclass of Horndeski theory including the cubic Galileon term. The theory under study has shift symmetry but not reflection symmetry for the scalar field. The Galileon is assumed to have linear time dependence characterized by a velocity parameter. We give analytic 3-dimensional solutions that are akin to the BTZ solutions but with a non-trivial scalar field that modifies the effective cosmological constant. We then study the 4-dimensional asymptotically flat and de Sitter solutions. The latter present three different branches according to their effective cosmological constant. For two of these branches, we find families of black hole solutions, parametrized by the velocity of the scalar field. These spherically symmetric solutions, obtained numerically, are different from GR solutions close to the black hole event horizon, while they have the same de-Sitter asymptotic behavior. The velocity parameter represents black hole primary hair.
Introduction
In recent years, it has become clear that Horndeski theory [1] allows for black hole solutions with non-trivial scalar field configurations, which in some cases may be referred to as primary or secondary "hair". Analytic solutions were first obtained in [2] via Kaluza Klein compactification of Lovelock black holes [3] and for translation invariant Galileon theories in [4] . Horndeski theory (dubbed Galileon in modern interpretation [5] [6] [7] ) is the most general scalar-tensor theory with equations of motion that contain no more than two derivatives. The last requirement is sufficient to avoid the Ostrogradski instability [8] , associated with higher-order derivatives. By construction, Horndeski theory contains kinetic scalar-tensor coupling, and therefore the theory has richer phenomenology than, say, General Relativity (GR) with a minimally coupled scalar field.
A no-hair theorem, nevertheless, has been established for the shift-symmetric Galileon model [9] . The proof is based on a concrete physical assumption: the norm of the Noether current, associated with the shift symmetry of the model, is finite on the black hole horizon. Later, however, two important counter-arguments have been found; one involving the Gauss-Bonnet invariant, and the latter discarding the theorem altogether [10] . In the former, the Gauss-Bonnet invariant sources the scalar field equation [19] yielding a non-trivial scalar configuration. In this case, the norm of the Noether current is divergent on the horizon, although it is unclear if this is a physical problem for the special case of the Gauss-Bonnet scalar. The latter argument is in fact suggested by the behavior of a shift-symmetric Galileon in a cosmological setup: generically, the time-derivative of the scalar field is constant (rather than trivial) for cosmological attractors, e.g. see a discussion in [11] . Therefore, the assumption that the Galileon field is static does not have physical ground anymore, in contrast to, for example, a canonical scalar sitting in a minimum of some potential. This is also true for self tuning cosmological backgrounds [12] in Fab 4 theories [13] . One may thus naturally require that the Galileon scalar has time-dependent asymptotic behavior, since one of the main physical motivations to consider Horndeski theory is to explain Dark Energy. Put precisely, a black hole solution should have the asymptotes corresponding to some cosmological solution of a particular Galileon model.
In [14] , such an idea has been realized, allowing the scalar field to depend on time, while keeping a static metric. The theorem is then redundant since the field equations themselves dictate regularity of the Noether current and a non trivial scalar field [10] . The full class of solutions has been found for a particular Galileon model, containing the "John" term, by classification of [13] . Such a construction is not reserved to the presence of the "John" term. As it has been shown later [15] , the ansatz used in [14] leads to a consistent system of ODEs, i.e. the number of independent variables is equal to the number of equations. Per se this does not guarantee the existence of a solution, but shows self-consistency of the method. Indeed, in a number of works [16] [17] [18] , other black hole solutions with a time-dependent Galileon have been found.
In this paper, we follow the method suggested in [14, 15] to study black hole solutions in the shift-symmetric theory entailing the cubic Galileon term. Our motivation is three-fold. First, the technique for constructing black hole solutions of Refs. [14, 15] has been applied to a particular Lagrangian, whose higher-order derivative part is of the "John" type. Although later it was generalized to black hole solutions for a larger group of Lagrangians which have reflection symmetry [17] , the question is still unsettled for theories without this symmetry, see e.g. a comment on this point in [20] . Secondly, the cubic Galileon can be viewed as the simplest Galileon with higher-order derivatives. It arises in various contexts, e.g. in the well-known Dvali-Gabadadze-Porrati (DGP) brane model [21] , as a particular limit [22] . The third reason is that the cubic Galileon has been extensively studied in the cosmological context [23] as dark energy with well behaved perturbations, and -for the same model -in the context of local Solar system physics [24] .
The paper is organized as follows. In Sec. 2 we start with the Lagrangian, equations of motion and the ansatz. Then, in Sec. 3, as a warm up, we study solutions for black holes in the cubic Galileon model in 3D. The equations of motion in 3D allow for analytic black hole solutions with Bañados-Teitelboim-Zanelli (BTZ) metric and nontrivial scalar configuration, which can be interpreted as secondary hair. Section 4 is devoted to analytic properties of black hole solutions in 4D and Sec. 5 to the numerical integration of the field equations and subsequent analysis of the solutions. We conclude in Sec. 6.
Setup: action, equations of motion and ansatz
Throughout the paper we consider the following action:
where D is the number of dimensions (we will consider 3-and 4-dimensional cases), ζ, η, γ and Λ are constant parameters of the Lagrangian. The third term in (2.1) is the DGP-like non-canonical Galileon term [22] and Λ is the bare cosmological constant. The variation of (2.1) with respect to the metric gives
Since the action (2.1) is shift-symmetric, i.e. it is invariant under the transformation φ → φ + constant, the scalar equation of motion can be written in terms of a conserved current
where the current associated with the scalar shift-symmetry is obtained by variation of (2.1) with respect to ∂ µ φ:
We assume a spherically symmetric ansatz for the metric and time-dependent for the scalar field, see [14] :
,
where q is a constant parameter that we call velocity, and h(r) inside the integral is introduced for convenience. With the ansatz (2.5), for shift-symmetric Lagrangians, the equation J r = 0 is equivalent to the (tr) component of the metric equations [15] for q = 0. We note that, apart from the solution φ = 0, we can also have a non-trivial configuration for the scalar field φ. Let us see explicitly how this comes about.
Black holes in 3D
In three dimensions, subsituting our ansatz (2.5) yields the following equations of motion:
where a prime denotes a derivative with respect to r. Equation (3.1) is the (tr) metric equation (or, equivalently, J r = 0). Equations (3.2) and (3.3) are a combination of the (tr), (tt) and (rr) metric equations. The (θθ) and (ϕϕ) metric equations are redundant, due to the Bianchi identities. The scalar field equation ∇ µ J µ = 0 is also redundant, since J r = 0, [15] . This ensures that the system of equations is not over constrained: we have three independent equations for three unknown functions. Let us note the structure of these equations: Eq. (3.1) is a second order polynomial equation in terms of χ. Equation (3.2) is an algebraic equation in terms of f . If χ is substituted from the (tr) equation, it is of third order, though it is not evident in this form. We now assume additionally that f = h. The equations of motion are then easy to integrate, and we find the following solution:
where
and M is an integration constant, corresponding to the mass of the black hole for M > 0. In the above solution, the velocity q is a function of the Lagrangian parameters and the mass M . An event horizon exists as long as λ ± > 0, and we are locally in anti de Sitter space. This family of solutions therefore exhibits the same behavior as the BTZ solution [25] , with an effective cosmological constant Λ eff = −η 2 /(4λ ± γ 2 ). However, unlike the BTZ solution, (3.4) contains a nontrivial scalar field (see also [26] ) which effectively modifies the cosmological constant. The solution admits secondary hair, as it depends only on the mass of the black hole. The different possibilities for the effective cosmological constant can be parametrized in the following way, which will also prove useful in four dimensions:
where we assume ζ > 0 and we introduce the parameter
which, in 4D (see below), is connected to the effective cosmological constant in the case of "Kinetically Braiding Gravity" [23] , hence the subscript KGB. The different branches are represented in Fig. 1 . GR solutions are restored for Λ eff = Λ, in which case the presence of the cubic Galileon does not affect the metric. This limit can be attained either via Λ + > or through Λ < . The latter branch also attains, at the other end, the KGB limit as Λ → 0 and we have self-accelerating solutions [23] for Λ eff ∝ Λ KGB . The self-tuning solution corresponds to the lower branch Λ − > , where Λ eff < Λ. For this branch the scalar field partially screens the bare value Λ, yielding a cosmological constant of lesser magnitude.
Black holes in 4D: Analytic approximations and asymptotics
Due to the more complex equations of motion in 4D (see below), we are not able to extract analytic black hole solutions. Therefore, we mostly resort to numerical integration of the equations of motion. It is possible, however, to get some analytic insights about the solutions in different limits.
Effective cosmological constant for black hole solutions in three dimensions. When Λ eff Λ, the solution behaves like GR. The other end of the red branch corresponds to a self-accelerated solution. The dashed blue branch represents a self-tuning (ST) solution, with Λ eff < Λ. This graph remains nearly identical when we describe homogeneous cosmologies in four dimensions (see Sec. 4.1). This is why we put the KGB and Λ+KGB regimes immediately.
For the ansatz (2.5), we get the following equations of motion, using the same notation as in the 3D case:
. In this section we will study solutions to the above system of three ODEs.
Cosmological solutions
We first consider homogeneous cosmological solutions for the model (2.1). These homogeneous solutions describe the far away asymptotics for the black hole solutions we will search for with numerical integration later on. Let us note that the model (2.1) with Λ = 0 has been studied previously in [24] in the cosmological context. Here we extend the analysis of [24] to include a non-zero Λ.
A homogeneous solution written in spherical coordinates reads
where Λ eff is to be determined from Eqs. (4.1)-(4.3). Note also that, as in 3D, q is not free; it is fixed to some particular value q 0 , given in Eq. 4.7 below. One can see the homogeneity of the previous solution by mapping Eqs. (4.4) to a FLRW metric:
thanks to the following coordinate transformation, [24] :
It is clear that the scalar field is homogenous when in the FLRW coordinates φ(τ, ρ) = q 0 τ . Equations (4.1)-(4.3) then show that q 0 must be a solution of the equation
There are two possible solutions for q 0 (q appears only as q 2 in the equations of motion, so its overall sign is irrelevant):
corresponding to the two possible effective cosmological constants,
For Λ = 0, we find that
and η has to be negative, in agreement with [24] . To summarize, depending on the parameters of the model, the cosmological solutions are given by (4.4), (4.7), with the following values of the effective cosmological constant Λ eff , depending on the parameters of the model:
(4.10) Equation (4.10) is similar to the 3D case, see Eq. (3.5), apart from a numerical factor in front of Λ KGB and a sign in Λ < . Thanks to this similarity, Fig. 1 also catches all the important features of the homogeneous solutions in the 4D case. Let us however point out the main differences between 3D and 4D cases. For a given set of parameters ζ, η, γ and Λ, the three dimensional solution presented in Sec. 3 includes a family of black holes, with a free mass parameter M . Besides, the spacetime is asymptotically anti de Sitter (Λ eff < 0). On the other hand, in 4D, the solutions (4.4), (4.7) and (4.10) describe homogeneous de Sitter spacetimes.
Test field limit
Before solving the full system of equations (4.1)-(4.3) in the case of black holes, it is instructive to look into a particular limit, when the scalar field does not backreact onto the metric (the "test field" approximation). Formally this approximation can be obtained by setting η = η 0 and γ = γ 0 , and then letting → 0 in the equations (4.1) 
where µ is a mass parameter. Plugging the above expression into the (tr) component of the metric equation yields,
(4.13)
Depending on the parameters of the Lagrangian, ∆(r) may become negative for some range of r, rendering the scalar field imaginary. One can check however, that in the case of physical interest, 1/ √ Λ µ, ∆ can be positive everywhere outside the horizon by requiring that
The scalar field becomes imaginary for r 3/4µ, i.e. in the interior region of the horizon. At this point we would like to make a remark on the physical meaning of our ansatz (2.5). Taking into account that the scalar field is time-dependent, the choice of a static spacetime metric is a non-trivial assumption. Indeed, although this ansatz "passes through" the equations of motion, leaving ordinary differential equations (instead of PDEs), the requirement of spacetime staticity implies no flux onto the black hole. This situation is clearly uncommon in the case of "usual" matter [27] and scalar fields [28, 29] , when matter starts falling into a black hole, thus rendering a non-zero matter flow. The matter flow inevitably leads to a non-static metric.
A non-static "accreting" solution can also be found for the Lagrangian (2.1). Indeed, in [30] , a process of accretion of Galileon onto a static spherically symmetric black hole was studied, where the backreaction of the scalar field on the black hole was neglected -exactly the situation we consider in this subsection, the test approximation. The key difference of the accreting solution in [30] from our solution (4.12) is an integration constant, which vanishes for the solution presented here. As we discussed above, the solution in the test field approximation follows from the (tr) Einstein equation (4.1), which is equivalent to the equation J r = 0. This last equation can be obtained from the scalar field equation (2.3) by integrating along the radial coordinate and setting to zero the integration constant. In the case of accretion, this integration constant (the primary hair of the black hole) is not set to zero; instead, it is chosen in such a way that the solution for the scalar field describes a so called transonic flow, so that it is smooth and free of singularities (at least for radii larger than the radius of the sound horizon).
The above considerations thus suggest that, when backreaction is taken into account, other solutions -with non-zero flux -may exist. Therefore, the ansatz (2.5) is not unique, but rather it corresponds to a special case of zero Galileon flow.
Asymptotic
where a, b, c and d depend of the parameters of the theory and are fixed by the field equations (their exact expressions are not interesting for us here). Note that unlike GR black holes, the f (r) component of the metric is finite at the origin. Furthermore, one can actually show analytically that the behavior of the solutions near the black hole singularity depends only on the radial part of the scalar field and not on the time dependent part. Indeed, imposing a static (q = 0) scalar field, and further setting η = 0, one can find an exact solution for all r which has the same behavior as (4.15) in the r → 0 region. Therefore, we can also conclude that, for r → 0, the leading order behavior of the solution is determined by the higher-order Galileon term φ (∂φ) 2 , rather than by (∂φ) 2 or the Λ-term. This is expected as, close to the singularity, the higher order DGP term contains in total more derivatives than the η and Λ terms. The numerical integration presented below confirms the behavior (4.15), see in particular Figs. 2 and 3. We now look for the large r asymptotic behavior of the solution to Eqs. (4.1)-(4.3). We assume that, at spatial infinity, the solution has the following power expansion in 1/r: here, since they are cumbersome), and µ is a free integration constant. Note that µ is related to the black hole mass, and indeed we find that its order of magnitude should be the Schwarzschild radius of the black hole. It is important to stress that the metric in the expansion (4.17) asymptotically approaches the metric of the homogeneous cosmological solution, since Λ eff in (4.17) is given by (4.8). Note that in this expansion, the velocity parameter q remains arbitrary; it may not coincide with q 0 , which is fixed by the cosmological solution.
The question then arises whether the asymptotic solution (4.17) is homogeneous, since in the time-dependent part of the scalar field enters an arbitrary velocity q, which does not necessarily match the cosmological solution. To check the homogeneity of the scalar field, we explicitly find the solution for φ by integration of (4.17): 18) and then by the change to Friedmann coordinates we find:
This indeed proves that φ(τ, ρ) is asymptotically homogeneous, even though it contains a slowly decaying inhomogeneous part at large ρ 1 . φ behaves like the associated cosmological solution from Sec. 4.1 i.e., the one with q = q 0 . The situation is very similar to the one observed analytically for the "John" Galileon term, [31] . There, it was shown that the selftuing black hole solutions obtained for a particular q 0 were insensitive to the change of the velocity parameter q, and that the effective cosmological constant, essentially q 0 , remained unchanged. This is important for the self-tuning mechanism, as it does not rely on some fine tuned parameter q 0 , it is rather generic.
1 It may seem that the solution is always inhomogeneous because the logarithmic part does not disappear in the limit ρ → ∞. However, one should keep in mind that the value of φ itself is not a physical observable, because of the shift symmetry of the problem. Only derivatives of φ enter equations of motion. One can easily conclude from (4.19) that In the case q = q 0 , the previous expansion gets simplified as follows: 20) where Λ KGB , q 0 and Λ eff are given correspondingly in (3.6), (4.7) and (4.8), and µ is a free constant. Here we see effectively the important role played by the time dependent part of the scalar field which determines the asymptotic behavior of the black hole solution as well as the modified value of the effective cosmological constant. The asymptotic solution for φ in Friedmann coordinates reads, in this case,
Note the much faster decay of the inhomogeneous part, ρ −3 , in the case q = q 0 with respect to the case q = q 0 (4.19).
Black holes in 4D: Numerical integration
In this section, we will perform the numerical integration of the system of ODEs (4.1)-(4.3), which is a consequence of the equations of motion of the model (2.1) with the ansatz (2.5). It is convenient to introduce dimensionless quantities in order to integrate numerically this system of equations. The theory (2.1) contains four dimensionful parameters ζ, η, γ, Λ. Besides, the ansatz for the scalar field has an extra dimensionful quantity q. Thus, in total there are five dimensionful parameters, which have to be combined in a number of dimensionless quantities. Let us define first the dimensionless radius x = r/r 0 with some length scale r 0 (which we later choose to be the black hole radius). Then we define the three dimensionless constants as combinations of the parameters of the Lagrangian, the velocity q, and the length scale r 0 as follows:
Finally, we consider the dimensionless function χ/q, i.e. the scalar field is measured in units of q. The equations of motion (4.1)-(4.3) then can be rewritten in terms of the dimensionless quantities:
where a prime throughout this section denotes a derivative with respect to the dimensionless radius x. Henceforth, we choose the length scale r 0 to be the Schwarzschild radius of the black hole i.e., in terms of x the black hole horizon is at x = 1. Note that the first two equations (5.2) and (5.3) are the algebraic equations on f and χ. Thus we can resolve Eqs. (5.2) and (5.3) to find f and χ in terms of h and h . By substituting the obtained expressions in the third equation of the system, Eq. (5.4) , we arrive to a second order ODE on h. To find the unique solution, two boundary conditions should be supplemented. We impose one boundary condition at the black hole horizon: we require that the radial function h vanishes at x = 1 (which can be simply thought as a definition of the black hole horizon). As a second boundary condition, we specify (arbitrarily) the derivative of h at the point x = 1, h | 1 . By integration from x = 1 to large x, we then select such h | 1 that the solution at large x has a desired cosmological asymptotic behavior, in other words, we use the numerical shooting method.
The case η = Λ = 0
First, we consider the case of vanishing η and Λ. The action (2.1) in this case contains only the Einstein-Hilbert and the cubic Galileon terms. The only relevant dimensionless parameter is α 1 · α 2 . In the absence of a black hole, the corresponding cosmological solution is Minkowski spacetime, represented by the blue dot at the origin in Fig. 1 .
Solving numerically the system of equations (5.2) different constants at infinity. However, they can be matched by adjusting the numerical value of the derivative of h at the location of the event horizon, h | 1 . The numerical solutions are always well-behaved in the direction of increasing r (note that we perform numerical integration from the event horizon). We find, however, that when the numerical precision is increased, the numerical integration cannot be continued below some radius inside the horizon, because the numerical code breaks down there. It should be stressed that this is a generic feature of all the simulations we carried out (see below), and not specific to the η = Λ = 0 case. We could not conclude on the origin of this numerical singularity: it can be either a numerical artefact or a physical pathology at that point. However, the presence of a physical singularity inside the horizon in the test field limit, as we have shown in Sec. 4.2, suggests that the break down of the numerical code indeed signals about a singular behavior of a solution, rather than a numerical glitch.
Generic case
In this subsection, we consider general nonzero values of η and Λ. Typical behavior of such solutions are presented in Fig. 3 . In contrast to the case η = Λ = 0, the asymptotic solutions are no longer flat, we are seeking de-Sitter asymptotic, according to our study above. Let us comment at this point on some details of the numerical solutions we present here. We use the shooting method, starting from the location of the black hole horizon, i.e. h| 1 = 0 in the rescaled quantities. The value of the derivative h | 1 is not, however, fixed by the condition at the event horizon. Whenever we find some numerical solution, f and h always behave like r 2 at large r, but with f /h = 1 asymptotically, in general. We therefore use the freedom of choosing h | 1 so that f = h ∼ r 2 at r → ∞. This is, however, only possible to do for some range of q (assuming the parameters of the Lagrangian are fixed) such that q does not deviate too much from the value q 0 . In this case, there is a unique choice of h | 1 so that f and h coincide at large r. On the contrary, for the values of q that are far from q 0 it is impossible to do so, whichever boundary condition we choose.
In what follows, we will focus on the solutions for which f /h = 1 asymptotically at large r, and we will discard other solutions. These numerical solutions have de-Sitter-like asymptotic behavior, 5) with some positive constants C 1 , C 2 , c.f. Eq. (4.17). In addition, we checked that the norm of the derivative of the scalar, (∂φ) 2 , approaches a constant value at infinity, a further consistency check with the analytic cosmological solution (4.4). Depending on the choice of parameters and therefore of the particular branch, one may expect that all the black hole solutions fall in one of the three families, with a corresponding asymptotic value of Λ eff , see the discussion in Sec. 4.1. We were indeed able to find black hole solutions for both positive and negative η. For positive η, however, which gives two cosmological branches, Λ ± > , we only found numerical solutions which approach one of the branches, the Λ + > one. For a set of parameters ζ, η, Λ, γ, the cosmological solution is given by (4.4) with Λ eff along one of the branches of Eq. (4.10) and q 0 given by (4.7). Remarkably, we find that all numerical solutions for a fixed set ζ, η, Λ, γ asymptotically approach the Λ < cosmological solution for η < 0 and the Λ + > cosmological solution for η > 0. This means that the constants C 1 , C 2 in Eq. (5.5) are respectively Λ eff /3 and η/(3γ). In Fig. 4 , we show the (normalized) cosmological constant which we read off our numerical solutions, versus the analytical results for the homogeneous cosmological solutions.
It is important to stress here that the numerical values C 1 , C 2 do not depend on a particular value of q, which is a free parameter entering the scalar field ansatz and eventually the definition of dimensionless parameters α i via (5.1). The value of q determines the details of the black hole solutions, but not the far away behavior, as we expected from the Fig. 5 , there exists a whole family of solutions parametrized by q for a given set of parameters in the Lagrangian and, more importantly, for a given black hole mass. Indeed, in Fig. 5 for instance, the horizon location is kept fixed. The velocity parameter q thus has the characteristics of primary hair.
It is worth mentioning that from the numerical solutions we have described above, with f ∼ h at large r, one can construct physically equivalent solutions with f = h at infinity. Fig. 3a) . Here, χ is measured in units of η/(3γ), which is the slope expected from Sec. 4.1 far away. The solutions all behave identically far away from the black hole.
Indeed, changing the time parametrization as t = t/ √ C, gives
(5.6) instead of (2.5). Definingh = Ch andχ = Cχ, we get back the old ansatz (2.5) with q → q √ C. Note that if the solution in the coordinates (t, r) has f ∼ h at large r, the same solution in the coordinates (t , r) has the asymptotic behaviorh ∼ Cf . In terms of dimensionless parameters, this corresponds to replacing (α 1 , α 2 ) by ( √ Cα 1 , Cα 2 ). It is clear, however, that all these solutions with arbitrary C are physically equivalent.
Conclusions
In this paper we studied black hole solutions in a subclass of Horndeski theory, which contains the Einstein-Hilbert term, a cosmological constant, the quadratic and the cubic Galileon terms (2.1). The solutions we find can be interpreted as black holes immersed in a selfaccelerated, flat or self-tuning universe, depending on the asymptotic behavior. Due to the non-trivial scalar field profile, which results from the time-dependence of the scalar field, the black hole solutions do not coincide with those of GR.
For the model (2.1), we assumed a time-dependent ansatz for the scalar field and a static ansatz for the metric (2.5) -an approach which has been put forward in [14] to look for black hole solutions in the Galileon theory with the "John" term. We first studied the 3D case, where equations are slightly simpler and certain solutions can be found analytically, see (3.4). The solutions (3.4) feature the BTZ solution, with an important difference, however, that our solutions contain a nontrivial scalar field, which effectively modifies the cosmological constant. The scalar field depends on the black hole mass, hence it corresponds to secondary hair.
Unlike the 3D case, in 4D we were not able to integrate the full system of equations exactly in the case of spherical symmetry. It is nevertheless possible to study analytically various asymptotic regimes and some specific limits (Sec. 4), obtaining insight about the full solutions.
We performed numerical integration of the full system of equations for different parameter ranges, Sec. 5. We were able to find numerical solutions for a range of parameters of the theory, and of the scalar field velocity q entering the scalar field ansatz (2.5). It is important to stress that solutions exist for a range of q (for fixed parameters of the theory ζ, η, Λ and γ), which is a free parameter, independent on the mass of a black hole. At the same time, the asymptotic behavior at large distances is controlled by the fixed -in terms of the Lagrangian parameters -value q 0 (4.7), see a discussion in Sec. 4.3. Thus q can be treated as a parameter corresponding to primary hair, since it determines the behavior of a solution at small distances, but at large radii the solution restores to the cosmological homogeneous configuration, independently on q. This interpretation of q should be taken with the following reservation: the solution for φ in fact depends on q (4.19) even asymptotically; however, the value of ∂ µ φ approaches to the cosmological homogeneous solution (in Friedmann coordinates). Also, we would like to note that the value of q cannot be taken too different from its cosmologically defined value q 0 : for q deviating too much from q 0 , we could not find any solutions.
There are several issues we left for future study. First of all, stability of the presented black hole solutions should be investigated in detail, namely, the solutions should be checked for possible ghost, gradient or tachyon instability. Also, the physical relevance of the ansatz (2.5) should be investigated further. Indeed, this ansatz describes a static timeindependent metric, while the scalar field is time-dependent. By using this ansatz, we obtain a mathematically self-consistent system of ODE. However, it is not clear if such a config-uration actually takes place during matter collapse. A corresponding numerical simulation of a time-dependent collapse might prove difficult because of at least two reasons: scalar wave emission due to the absence of the Birkhoff theorem and caustic formation in Galileon theory [32] . This is however a very important open problem which we hope to study in detail in the near future. Furthermore, our analysis here for a cubic Galileon term, the DGP term, shows different behavior to the stealth GR like behavior observed in Galileon models including the "John" term [14] . It is therefore important to extend our analysis to include other terms in the action and to consider more general subclasses of Horndeski theory and beyond.
